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Abstract
The generalized Chaplygin gas cosmology provides a prime example for the class
of unified dark matter models, which substitute the two dark components of the
standard cosmological ΛCDM concordance model by a single dark component.
The equation of state of the generalized Chaplygin gas is characterised by a
parameter α such that the standard ΛCDM model is recovered in the case
α = 0 with respect to the background dynamics and the cosmic microwave
background (CMB) statistics. This allows to investigate the concordance of
different cosmological data sets with respect to α. We compare the supernova
data of the Supernova Cosmology Project, the data of the baryon oscillation
spectroscopic survey (BOSS) of the third Sloan digital sky survey (SDSS-III)
and the CMB data of the Planck 2015 data release. The importance of the BOSS
Lyman α forest BAO measurements is investigated. It is found that these data
sets possess a common overlap of the confidence domains only for Chaplygin
gas cosmologies very close to the ΛCDM model.
Keywords: dark energy theory, cosmic microwave background, large-scale
structure
PACS: 98.80.-k, 98.70.Vc, 98.80.Es
1. Introduction
For almost two decades, cosmology possesses a standard cosmological model
which allows a remarkable successful description of a large variety of observa-
tional data, the ΛCDM concordance model. For a recent review on the various
data sets, see e. g. [1]. Although there is currently no competing cosmological
model, there remain tensions [2] which justify the investigation of alternatives.
The ΛCDM concordance model is based on two dark ingredients, the dark energy
in the form of the cosmological constant Λ and the cold dark matter (CDM).
There have ever been attempts to establish alternative cosmological models
which are based only on a single dark component, the so-called unified dark
matter (UDM) models.
The prototypical model for a UDM cosmology is provided by a dark matter
fluid having the equation of state p = −A/ε of the Chaplygin gas, where ε and
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p denote the energy density and the pressure, respectively, and A is a model
parameter. The Chaplygin gas was put in a cosmological context by the work of
Kamenshchik, Moschella and Pasquier [3] where also an obvious generalisation of
the equation of state p = −A/εα with α > −1 was introduced. For some further
early works on the Chaplygin gas cosmology, see [4–11]. The paper [12] tests the
Chaplygin gas against gravitational lenses and age estimations. The generalised
Chaplygin model has the nice property that the background cosmology is for
α = 0 identical to the ΛCDM model. This allows to test how far the equation of
state of the dark fluid can deviate from that of the cosmological constant Λ, that
is p = −ε. Then, it was discovered [13] that a wide class of UDM cosmologies
suffer from instabilities which lead to matter power spectra incompatible with
the observations. Especially, it was found in [13] that the generalised Chaplygin
gas cosmologies with |α| ≫ 10−5 are ruled out. Thus, only a minute parameter
space of the generalised Chaplygin cosmology was left with values of α so close
to zero that these models are almost indistinguishable from the ΛCDM model.
A loophole for the UDM models is already proposed in [13]. It is noted that
the dark fluid considered so far does not exploit the full range of physical fluid
properties. It is shown in [14] that the fluid is not fully specified by defining
the adiabatic speed of sound cad, but in addition, varying the effective speed
of sound ceff and the parameter cvis, as defined in [14], leads to a plethora
of behaviours. It is shown in [15] that choosing the effective speed of sound
ceff different from the adiabatic one leads to an admissible parameter range of
α that is significantly extended. Thus a large class of generalised Chaplygin
cosmologies is compatible with the large scale structure and CMB observations,
if ceff 6= cad is allowed.
This generated again a large interest in the Chaplygin cosmologies and its
variants, see e. g. [16–32]. Most papers assume a flat universe when the allowed
parameter space is estimated according to various cosmological data. Assuming
a flat universe, the 2σ estimation α = −0.14+0.30
−0.19 is stated in [20] from a joint
analysis of supernovae, BAO, and CMB data. A recent analysis, which also
assumes a flat universe, finds the 1σ estimation α = −0.03+0.067
−0.057 [23]. Both use
for their CMB analysis a compressed likelihood which reduces the CMB infor-
mation to a few numbers among them the shift parameter R [33, 34]. However,
since the matter-like content is not conserved in UDM cosmologies, the shift pa-
rameter R is not strictly applicable in this case. Negative values for α are also
found for a flat universe by including gamma-ray bursts data [24], however, the
reliability of these data is strongly debated. To be compatible with the rotation
curves of galaxies, dark matter haloes consisting of pure generalised Chaplygin
gas should satisfy α . 0.0001 [25].
As a modification of the generalised Chaplygin gas, the equation of state
p = βρ − A/ρα is proposed, but it is found in [26, 27] that β has to be very
small. Thus, both the energy density and the equation of state approach those
of the generalised Chaplygin gas. Also not exactly comparable, their values for
α, that is α = 0.11+0.34
−0.25 [26] and the 1σ interval α ∈ [0.08, 0.31] [27], should be
of the order of those expected in the generalised Chaplygin gas. Their CMB
analysis also makes use of the shift parameter R.
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The generalised Chaplygin gas can also serve as a model for interacting
dark matter [28]. Using supernovae data calibrated with different fitters in a
joint analysis, even smaller values of α are found in [30], such as α ≃ −0.5 or
α ≃ −0.36, which shows the sensitivity of the chosen calibration method of SNe
Ia data. Using additional data sets, a joint analysis carried out in [23] finds the
1σ estimation α = 0.004+0.013
−0.010. This analysis assumes a flat universe, which is
also the case for the recent joint analysis [31] which states |α| < 0.05. Although
[31] uses the full CMB spectra, their analysis does not vary all cosmological
parameters, so that it is not a best-fit analysis. Furthermore, they use the
binned JLA supernova data [35], which are strongly dependent on the fiducial
ΛCDM model.
It is worthwhile to remark that the correspondence between the generalised
Chaplygin gas cosmology for α = 0 and the ΛCDM cosmology refers to the
background level. On the perturbation level, there are differences but it turns
out that the CMB statistics is the same within linear perturbation theory. Since
we consider only background data and CMB data in this paper, we equate the
generalised Chaplygin gas cosmology for α = 0 with the ΛCDM model, but the
difference should be kept in mind.
So there is a wide range of possible parameter values and structures for the
equation of state. It is the aim of this paper to provide a parameter estimation
of the generalised Chaplygin gas cosmology without the restriction to flat uni-
verses. Furthermore, the tensions between the different data sets with respect
to the Chaplygin gas cosmology are discussed. A special focus is put on the
question for which equation of state of the generalised Chaplygin gas a concor-
dance between the supernovae, BAO, and CMB data is achieved. In section 2
the Chaplygin cosmology is introduced, while section 3 states the details about
the cosmological data used for the parameter estimation. Section 4 presents the
analysis and section 5 concludes with a summary of the results.
2. The generalised Chaplygin gas cosmology
The equation of state of the generalised Chaplygin gas is defined as
p = −
A
εα
(1)
with α > −1 and A a constant parameter. The original Chaplygin gas is
obtained for α = 1. The integration of the continuity equation leads to the
energy density εChap(z) of the generalised Chaplygin gas as a function of the
redshift z
εChap(z) = ε
0
Chap
{
(1−B) (z+1)3(α+1)+B
}1/(α+1)
with B :=
A
(ε0Chap)
α+1
.
(2)
This leads to the equation of state
wChap(z) =
p
ε
= −
B
(1− B) (z + 1)3(α+1) +B
, (3)
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which satisfies one of the most important properties of a UDM model: It has to
behave matter-like at an early epoch in the history of the universe in order to
allow sufficient structure formation, and dark-energy-like at later times in order
to explain the accelerated expansion. The generalised Chaplygin gas model
has the remarkable property that its background model is for α = 0 and B =
1/(1 + ΩCDM/ΩΛ) identical to that of the ΛCDM concordance model with the
same parameters ΩCDM and ΩΛ.
In our analysis we will exclude the parameter space with B > 1, since the
present equation of state is then wChap(z = 0) = −B < −1 which corresponds
to the so-called phantom energy. But more worse, at the redshift z = (B/(B −
1))1/3(α+1)− 1 > 0 the equation of state becomes singular. It will turn out that
this restriction is only relevant, if one uses solely the BAO data with z < 1 for
matching the Chaplygin cosmology.
The effective content of cold dark matter of a UDM model can be computed
as argued in [36] by rewriting the evolution of the dark energy density as
εde(z) = ε
0
de exp
(
3
∫ 1
x(z)
1 + wde(x)
x
dx
)
= εeffde
(
a0
a(z)
)3
exp
(
−3
∫ x(z)
0
wde(x)
x
dx
)
, (4)
where x := a(z)/a0 is the scale factor a(z) normalised to one at the present time
and ε0de is the current energy density. Here, we have defined
εeffde := ε
0
de exp
(
3
∫ 1
0
wde(x)
x
dx
)
, (5)
which converges for an equation of state with wde(x)→ 0 for x→ 0 as it is the
case for UDM models. The quantity εeffde measures the effective content of cold
matter at early times, since the last exponential factor in eq. (4) takes on values
close to one at early times.
It is convenient to define the cosmological parameters
Ωde :=
8piG
3H20 c
2
ε0de and Ω
eff
de :=
8piG
3H20c
2
εeffde (6)
with the Hubble constant H0 and the gravitational constant G. This allows the
comparison with the ΛCDM concordance model, where Ωeffde of the UDM model
corresponds to the cold dark matter component and Ωde − Ω
eff
de to the effective
vacuum energy contribution.
The effective matter density Ωeffde can be computed for the generalised Chap-
lygin gas model leading to
ΩeffChap = ΩChap (1−B)
1/(1+α) for α > −1 . (7)
This shows that ΩChap − Ω
eff
Chap becomes negative for B < 0, which would
correspond in the ΛCDM case to a negative ΩΛ that is an anti-de Sitter like
model. We thus restrict the following analysis to 0 < B < 1 and α > −1.
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In our analysis, the cosmological model is specified by the total relative
density
Ωtot = Ωrad + Ωbar + ΩChap . (8)
The radiation term Ωrad takes the energy density of photons and neutrinos
with standard thermal history into account. The baryon density Ωbar is de-
termined by the choice of the Hubble constant H0 = 100 h km/(s Mpc) as
Ωbar = 0.0223/h
2, so that the physical density of baryons is in agreement with
the Big-Bang nucleosynthesis, i. e. according the measured deuterium to hy-
drogen abundance ratio [37]. As described below, the parameter estimation
is carried out with the Markov chains Monte Carlo (MCMC) algorithm and
in some selected cases, MCMC sequence are generated with an independently
varying Ωbarh
2 with Ωbarh
2 = 0.0223 ± 0.0009. It is found that no change of
the parameters defining the Chaplygin gas cosmology α and B occurs. Since
every additional parameter leads to longer MCMC sequences until convergence
is reached, we do not independently vary this parameter for the further analysis
in this paper.
Note, that in equation (8) the dark sector is solely described by the Chaplygin
gas component which contrasts to other analyses which add an extra cold dark
matter term or a cosmological constant. We have as model parameters the
reduced Hubble constant h, which in turn fixes Ωbar, the density ΩChap together
with the parameters α and B, which specify the equation of state (3) of the
Chaplygin gas. The background dynamics is determined by
H(z) = H0
[
Ωrad(z + 1)
4 +Ωbar(z + 1)
3 + (1− Ωtot)(z + 1)
2 (9)
+ΩChap {B + (1−B)(z + 1)
3(1+α)}1/(1+α)
]1/2
.
3. The cosmological data sets
In this section, we describe the cosmological observations that are used for
the estimation of the model parameters discussed in section 2. The parameter
estimation is carried out with the Markov chains Monte Carlo (MCMC) algo-
rithm which uses as parameters α and B occurring in the equation of state (1)
and (2), the density ΩChap and the reduced Hubble constant h. In several cases,
the parameter α is held fixed so that only B, ΩChap and h are varied. The
probability for selecting a new state in the Markov chain is obtained from the
χ2tot values
χ2tot = χ
2
Sn + χ
2
BAO + χ
2
CMB , (10)
whose individual contributions are discussed below.
In all cases the length of the MCMC sequences is at least 25 000. Several
chains are generated and it is checked that they lead to the same confidence
contours. Furthermore, the convergence of the Markov chains is checked by
computing the MCMC power spectrum and the convergence ratio r along the
lines described in [38].
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3.1. The supernovae Ia data
The supernovae Ia are now established standard candles whose observed
magnitude-redshift dependence can be compared with the theoretical predic-
tion of a given model. We use the Union 2.1 compilation of the Supernova
Cosmology Project [39] where the redshift and distance modulus µobsi including
its uncertainty σi,Sn for NSn = 580 supernovae Ia are given. The calibration
of the SNe Ia light curves makes use of a fiducial ΛCDM model so this data
set possesses a model-dependence and favours the ΛCDM cosmology. From this
Union 2.1 compilation, the χ2 value is computed
χ2Sn =
NSn∑
i=1
(µobsi − µ
th
i (zi)−∆M)
2
σ2i,Sn
+
∆M2
(0.15mag)2
, (11)
where the theoretical distance modulus µthi (zi) is computed from the luminosity
distance dL(z) of the considered model. The parameter ∆M allows a small
variation of the absolute magnitude MB ≃ −19.3
mag (h = 0.7) [39] of the
supernovae Ia. The parameter ∆M is analytically marginalised [40]. The order
of the variation 0.15mag is estimated according [39]. When the supernovae data
are used without other data sets, we constrain the variation of ∆M with the
last summand in (11) because of the degeneracy between the Hubble constant
h and the absolute magnitude MB. A change in the absolute magnitude from
MB to M
′
B corresponds to a shift of the Hubble constant h to h
′ with
MB − M
′
B = 5 log10
(
h′
h
)
. (12)
The difference of the measurement of the Hubble constant of [41] with a best
estimate of H0 = 73.24 ± 1.74 km/(s Mpc) with the Planck value of H0 =
67.8± 0.9 km/(s Mpc) [42] corresponds to a shift of the absolute magnitude of
∆M ≃ 0.25mag. When we generate Markov chains Monte Carlo together with
other data sets, we omit the last summand in (11) and left ∆M unconstrained
in the marginalisation.
3.2. The BAO data
While the supernovae data constrain primarily the luminosity distance dL(z),
the measurement of baryon acoustic oscillations allows the determination of
the angular diameter distance dA(z) as well as the value of the Hubble length
dH(z) := c/H(z). The standard ruler for these lengths is provided by the sound
horizon
rs =
∫
∞
zdrag
cs(z)
H(z)
dz (13)
at the drag epoch at redshift zdrag when photons and baryons decouple. The
speed of sound cs(z) in the photon-baryon fluid is given by
cs(z) =
c√
3(1 +R(z))
with R(z) =
3ρbar
4ργ
=
3
4
Ωbar
Ωγ
1
z + 1
. (14)
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The drag redshift zdrag can be determined by using fitting formulae [43, 44] but
since we are dealing with cosmological models that possibly leave the validity
domain of the parameter space where these fitting formulae are valid, we use
the exact approach. A drag depth is defined as [45]
τdrag(z) :=
∫ η0
η(z)
τ˙
R
dη , (15)
where τ is the Compton optical depth with τ˙ denoting its derivative with respect
to conformal time η and dη = c dt/a(t). The drag epoch is then determined by
the redshift zdrag satisfying [45]
τdrag(zdrag) = 1 . (16)
With zdrag computed in this way, the equation (13) gives the standard ruler rs
which in turn allows the conversion of the BAO data such that a χ2 analysis of
the Chaplygin gas cosmology is possible.
In table 1 the BAO data used in this paper are listed. For redshifts z < 0.2
the data of the 6dF galaxy survey [46] and the SDSS Data Release 7 main galaxy
sample [47] are used which are given in terms of volume averaged distances
dV (z) :=
3
√
z (1 + z)2 dH(z)d2A(z) .
For 0.2 < z < 1, the Data Release 12 of the SDSS-III/BOSS spectroscopic
galaxy sample [48] is used, which are also given in table 1. The data for H(z)
and dA(z) are used simultaneously. Furthermore, the BAO data extracted from
the auto-correlation of the Lyman α forest fluctuations of the BOSS Data Re-
lease 11 quasars [49] are used. In addition, the BAO data obtained from the
quasar-Lyman α cross-correlation of the Data Release 11 of the SDSS-III/BOSS
[50] are taken into account. Although both Lyman α data sets are derived from
the same volume, they can be considered as independent data points as stated
in [44]. The auto-correlation and cross-correlation approaches are complemen-
tary because of the quite different impact of redshift-space distortion on the
two measurements. These BAO data can be considered as independent because
their uncertainties are not dominated by cosmic variance, but instead are dom-
inated by the combination of noise in the spectra and sparse sampling of the
structure in the survey volume, both of which affect the auto-correlation and
cross-correlation almost independently [44]. In order to substantiate this, tests
with mock catalogues and several analysis procedures are carried out in [49],
which find a good agreement between error estimates from the likelihood func-
tion and from the variance in mock catalogues. Thus, in our χ2 analysis the
dA(z) and dH(z) values of both Lyman α data sets are taken into account. It
is worthwhile to note that the BAO data are biased towards the ΛCDM model
especially for larger values of the redshift z, because of the necessary distance
calibrations. Thus, the BAO data possess a model-dependence in favour of the
concordance model.
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The χ2 values are computed in the usual way as
χ2BAO =
NBAO∑
i=1
(Xobsi −X
th
i (zi))
2
σ2i,BAO
, (17)
where Xi stands for one of the corresponding distances listed in table 1.
redshift z H(z)rs dA(z)/rs dV (z)/rs dH(z)/rs Reference
0.106 3.06± 0.13 6dFGS [46]
0.15 4.47± 0.17 SDSS DR7 [47]
0.24 11636.0± 827 5.59± 0.30
0.32 11075.0± 591 6.47± 0.19
0.37 11045.0± 930 6.72± 0.44 SDSS-III/BOSS
0.49 12920.0± 709 8.72± 0.21 DR12 [48]
0.59 14279.0± 399 9.62± 0.16
0.64 14530.0± 546 9.78± 0.28
2.34 11.28± 0.65 9.18± 0.28 DR11 Lyα (auto) [49]
2.36 10.8± 0.4 9.00± 0.30 DR11 Lyα (cross) [50]
Table 1: The BAO data used for constraining the generalised Chaplygin gas cosmology.
3.2.1. On the significance of the Lyman α data
The addition of the Lyman α data to the χ2 analysis significantly constrains
the models of the Chaplygin cosmology due to their larger redshift. In order
to show this, the figures 1 and 2 show the 1σ and 2σ confidence domains for
several Chaplygin cosmologies with a fixed value of α as defined in equation
(1) using the BAO data of table 1 with and without the Lyman α data. The
figures do not show the confidence domains with respect to the parameters that
are varied in the MCMC algorithm, but instead, they show the combinations
ΩChap −Ω
eff
Chap and Ωbar +Ω
eff
Chap where Ω
eff
Chap is defined in (7). For the special
case α = 0 corresponding to the ΛCDM cosmology, the combination ΩChap −
ΩeffChap corresponds to the contribution of the cosmological constant ΩΛ and
Ωbar +Ω
eff
Chap to the matter content Ωmat as outlined in section 2.
The figure 1(a) shows the confidence domains without the constraining power
of the Lyman α data, that is using the values of table 1 with z < 1, for four Chap-
lygin cosmologies with α = 0, 13 ,
2
3 , and 1. The figure reveals very large con-
fidence domains. The cut-off like behaviour of the confidence domains around
Ωbar + Ω
eff
Chap ≃ 0.16 is due to the restriction B < 1 which avoids phantom-like
energy at the current epoch and a singular behaviour of the equation of state
in the past (see section 2).
Including the Lyman α data reduces drastically the confidence domains so
that the restriction to B < 1 does not become appreciable as shown in figure
1(b). It is seen that with increasing values of α, the best-fit region prefers lower
densities of Ωtot. While the Chaplygin cosmology with α = 0 prefers models
with a positive spatial curvature (Ωtot > 1), the revers is true for the case α = 1.
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Figure 1: The 1σ and 2σ confidence contours are shown with respect to effective matter and
energy density for four Chaplygin models with fixed values of α. The panel (a) uses the BAO
data without the Lyα values, whereas the panel (b) includes them. Note the different scales
on the axes. The dashed line corresponds to universes with Ωtot = 1.
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The figure 2(a) displays the 1σ and 2σ confidence domains for α = 0 and for
α = 1 with and without the Lyman α data in one plot and emphasises the
restrictions due to them.
Recently, the SDSS DR12 data have been used to compute the auto-correlation
of the Lyman α forest fluctuations and to derive updated values of dA(z) and
dH(z) for z = 2.33 [51]. The updated distances dA(z = 2.33)/rs = 11.34± 0.64
and dH(z = 2.33)/rs = 9.07 ± 0.31 agree with the previous Lyman α results
derived from the Data Release 11 [49, 50] within ∼ 0.5 σ [51]. In order to com-
pare these updated auto-correlation based new data, two Monte Carlo chains
are generated, where one chain uses the BAO data as listed in table 1 with
the Lyman α derived values of DR11. In the other chain, the auto-correlation
derived DR11 values of [49] are replaced by the updated DR12 values of [51].
The result is shown in figure 2(b). The confidence regions are shifted relative
to each other, but there is nevertheless a large overlap between them. This
demonstrates the sensitivity due to the data point around z = 2.34. However,
as it is also the case for the supernovae data, the BAO data and especially the
Lyman α forest data are also contaminated by the ΛCDM model which enters
in the distance calibration.
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Figure 2: To emphasise the restricting power of the Lyα data around z = 2.34, the 1σ and
2σ confidence contours are shown with respect to effective matter and effective dark energy
density for two Chaplygin models with α = 0 and α = 1. The dotted curves in panel (a) are
computed using only the BAO data below z = 1 as in figure 1(a), while the full curves take
also the Lyman α forest derived data of table 1 into account. The panel (b) shows the shift of
the confidence domains when the auto-correlation derived Lyman α DR11 data (full curves)
are replaced with those of DR12 (dotted curves) while leaving the other BAO data unchanged.
The dashed line indicates the positions of the models with Ωtot = 1 in both panels.
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3.3. The cosmic microwave background data of Planck 2015
The supernovae Ia and BAO data discussed above provide likelihood esti-
mations for cosmological models with respect to their background behaviour.
The angular power spectrum DTTl := l(l+1)C
TT
l /(2pi) of the cosmic microwave
background radiation, on the other hand, tests the evolution of perturbations.
The multipole spectrum CTTl is defined by
CTTl =
1
2l+ 1
l∑
m=−l
|alm|
2
where alm are the expansion coefficients of the temperature fluctuations with
respect to the spherical harmonics. In this paper, the DTTl measurements of the
Planck 2015 data release [42] are used. The likelihood for a theoretical angu-
lar power spectrum DTTl is calculated with the Planck Likelihood Code R2.00
provided on the Planck website http://pla.esac.esa.int/pla/#cosmology
which computes the log likelihoods of the temperature maps. These log likeli-
hoods are then converted to the corresponding χ2CMB to be used in (10). The
low-l likelihood based on the results of the Commander approach is calculated
for l = 2 to 29 using the file commander rc2 v1.1 l2 29 B.clik which is also
given at the Planck website. Since the DTTl spectra for the Chaplygin gas cos-
mology are computed up to l = 1000, we use for the high-l likelihood the file
plik dx11dr2 HM v18 TT.clik (29 < l < 2509) modified to cover the multipole
range 29 < l ≤ 1000. The restriction to the multipole range l ≤ 1000 reduces
significantly the CPU time of the MCMC estimations.
The DTTl spectra for the Chaplygin gas cosmology are computed with the
code described in [36]. In this code, the isentropic initial conditions are specified
at conformal time η = 0. Then, power series in η for the various perturbations
are used to analytically compute the perturbations at η = ηrec/200, where ηrec
denotes the time of recombination. With these values, the Boltzmann equations
are integrated numerically up to the present epoch leading to the theoretical
DTTl spectra. The perturbation power series, which are derived in [36], allow a
faithful treatment of the initial conditions towards a later time, since for η → 0,
a numerical integration of the system of differential equations is not possible due
to the singular behaviour of various terms at η = 0. This singular behaviour
leads to a cancellation of numerical digits by the subtraction of very large terms
of the same magnitude. This difficulty is circumvented by using analytic power
series in the interval η ∈ [0, ηrec/200]. Since there are no such accuracy problems
for η > ηrec/200, the integration of the perturbation equations can then be done
numerically for these large values of η. The validity of our code is checked by
comparing the DTTl spectra for the wCDM model for a wide range of curvatures
obtained from our code with those computed with the public software CAMB1.
Besides the equation of state, there are further degrees of freedom which
characterise the Chaplygin gas, or a general dark matter component, as em-
1The software is available at http://camb.info
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phasised by Hu [14], where a generalised dark matter component is introduced
which is defined by the effective velocity of sound ceff (in the rest frame of the
dark component) and a viscosity velocity cvis which is related to the anisotropic
stress. The effective speed of sound can be interpreted as the rest frame speed
of sound
c2eff =
δp
(rest)
g
δρ
(rest)
g
, (18)
where the pressure and density perturbations in the rest frame of the generalised
dark matter component are denoted by δp
(rest)
g and δρ
(rest)
g . In this paper, both
velocities are set to zero c2eff = c
2
vis = 0. For a UDM model, D
TT
l spectra for a
positive c2eff are shown in figures 7 and 8 in [36].
The theoretical DTTl spectra depend on the scalar spectral index ns and the
overall normalisation. After computing the CMB transfer function for a model of
the MCMC sequence, these two quantities are determined such that the value of
χ2CMB computed by the Planck Likelihood Code is minimised. Thus, neither ns
nor the overall normalisation occur as free parameters in the MCMC sequence.
Furthermore, the reionisation is modelled by a smooth transition with a width
∆z = 0.4 at a redshift zreion = 10.6, at which half of the matter is reionised.
The choice of zreion and ∆z does not sensitively influence the likelihood, see
e. g. figure 6 in [36], where DTTl is computed for two different values of the
reionisation optical depth. The DTTl spectra are only changed at small values
of l, where the data possess large uncertainties.
4. Analysis and Results
4.1. MCMC analysis for a fixed value of α
In this subsection, the best-fit estimates are considered for fixed values of the
equation of state parameter α. The aim is to reveal which data set is responsible
for the shift of the best-fit parameters. On the one hand, MCMC sequences are
generated which take into account only one of the data sets BAO, SN and CMB
as discussed above. Their χ2 values are denoted as χ2BAO, χ
2
SN and χ
2
CMB and
the best-fit models minimise only one of the three χ2 values and ignore the other
two. On the other hand, further MCMC sequences are generated that take all
three data sets simultaneously into account whose χ2 value is the corresponding
sum
χ2BAO+SN+CMB = χ
2
BAO + χ
2
SN + χ
2
CMB (19)
and their best-fit model minimises χ2BAO+SN+CMB. Thus, we consider four kinds
of best-fit models which minimise χ2BAO, χ
2
SN, χ
2
CMB, and χ
2
BAO+SN+CMB, re-
spectively. The individual components in (19) belonging to the smallest total
value χ2BAO+SN+CMB are denoted as χ¯
2
BAO, χ¯
2
SN, and χ¯
2
CMB. These are, in gen-
eral, larger than the smallest χ2 values of the MCMC sequences which take
only one data set into account. The difference between the smallest values of
χ2BAO, χ
2
SN, and χ
2
CMB with the corresponding values of χ¯
2
BAO, χ¯
2
SN, and χ¯
2
CMB
reveals the tension between the three data sets with respect to a cosmological
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model. This difference indicates how far the optimal cosmological parameters
with respect to a single data set are driven away in order to yield the best com-
promise with respect to all three data sets. In the case of a perfect concordance
between the three data sets, one would obtain χ2BAO = χ¯
2
BAO, χ
2
SN = χ¯
2
SN, and
χ2CMB = χ¯
2
CMB.
α χ2BAO χ¯
2
BAO χ
2
SN χ¯
2
SN χ
2
CMB χ¯
2
CMB χ
2
BAO+SN+CMB
-2/3 11.94 96.49 562.34 764.92 1376.69 1389.37 2250.78
-1/3 12.30 33.35 562.26 602.37 1385.99 1392.28 2028.00
0 18.46 21.33 562.23 563.05 1390.91 1393.43 1977.80
1/3 25.81 26.61 562.20 571.21 1394.71 1395.67 1993.49
2/3 32.04 36.44 562.18 594.57 1397.13 1398.45 2029.45
1 36.74 47.26 562.16 620.07 1398.90 1400.95 2068.28
Table 2: The minimum of χ2 is given for several fixed values of the equation of state parameter
α. The columns with χ2BAO, χ
2
SN and χ
2
CMB list the minimum of χ
2, if only the corresponding
data set is used. The column with χ2BAO+SN+CMB lists the minimum if all three data sets
are used simultaneously, and χ¯2BAO, χ¯
2
SN, χ¯
2
CMB are the individual components contributing
to the minimal value of χ2BAO+SN+CMB.
α χ2BAO χ¯
2
BAO χ
2
SN χ¯
2
SN χ
2
CMB χ¯
2
CMB χ
2
BAO+SN+CMB
0 9.62 10.52 562.23 563.03 1390.91 1393.28 1966.83
1/3 9.17 15.48 562.20 569.52 1394.71 1396.23 1981.23
2/3 8.84 23.79 562.18 591.77 1397.13 1399.11 2014.67
1 8.66 31.11 562.16 618.36 1398.90 1401.74 2051.20
Table 3: In contrast to table 2, we use here only the BAO data without those derived from
the Lyman α forest, that is without the BAO values at z ≃ 2.34. All other data sets are the
same as used in table 2.
In table 2 the minimal values of χ2 are given for the generalised Chaplygin
gas model for several fixed values of the parameter α as defined in (1). The
table reveals that the supernovae data in isolation are the least stringent ones
since they always give χ2SN values around 562.2 independently of α. At second
comes the CMB data, whose χ2CMB values increases by 8 from α = 0 to α = 1.
In contrast, the BAO data lead for the same range of α to the largest increase
by 18.3. Concerning the values of α given in table 2, one concludes that the
data sets prefer the value α = 0 which corresponds to the ΛCDM model. It is
interesting to note that the CMB data alone possesses even smaller values of
χ2CMB for negative values of α as revealed by table 2.
As the subsection 3.2.1 has shown, the most stringent power of the BAO
data stems from the inclusion of the Lyman α forest derived BAO data around
the redshift z ≃ 2.34. The Lyman α forest data consists of four data points
which belong to dA(z)/rs and dH(z)/rs obtained from the cross- and the auto-
correlation approach each given in table 1. Omitting these data around z ≃ 2.34
reduces the power of the BAO data set. To demonstrate that, the table 3
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Figure 3: The concordance between the three cosmological data sets is presented. The 1σ
confidence domains are shown for the four Chaplygin gas models with fixed parameter α = 0,
1/3, 2/3, and 1. The axes denote the parameters that are varied in the MCMC sequences,
that is h, ΩChap, and B. The domain belonging to the supernovae data is shown in magenta,
the BAO domain in yellow, the CMB domain in green, and the combined χ2 search in red.
The projections are the same in all panels.
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shows the results obtained from MCMC sequences which use only the BAO
data without the data around z ≃ 2.34, but the supernovae and CMB data are
the same in the case of the joint analysis. While χ2BAO takes on its minimum
around α ≃ −0.52 (not listed in table 2) by including the z ≃ 2.34 data,
that minimum is shifted to α ≃ +1.4 by omitting the high z data, although
this minimum belongs to an unrealistically large value for the Hubble constant.
Furthermore, as the comparison of the column for χ2BAO of table 2 with that of
table 3 shows, the dependence of χ2BAO on α is rather weak without the z ≃ 2.34
data. Table 3 reveals the modest increase by one for χ2BAO by changing α = 0 to
α = 1, which has to be compared with the increase of 18.3 by using the Lyman
α data. Let us now turn to the joint analysis, where the MCMC sequences take
the BAO, supernovae, and CMB data simultaneously into account. Here the
comparison of the columns χ¯2BAO of tables 2 and 3 shows that the contribution
χ¯2BAO from the BAO data to the minimum χ
2
BAO+SN+CMB is reduced by more
than ten without the z ≃ 2.34 data although only four data points are left
out. This demonstrates the tension of the z ≃ 2.34 data with the Chaplygin
gas cosmology. It was already found in [49] that the auto-correlation derived
DR11 values of the Lyman α forest lead to values that deviate by 7% from the
predictions of the ΛCDM model. Thus the tension is also present in the ΛCDM
model, but the Chaplygin gas cosmology provides no remedy in this respect.
The value α = 0 is preferred by the MCMC sequences which use the joint
data sets χ2BAO+SN+CMB as seen in tables 2 and 3. Let us now turn to table 2,
where the z ≃ 2.34 data are included. Here, the least difference χ¯2BAO−χ
2
BAO for
the BAO data occurs for α = 1/3, while the smallest difference χ¯2SN − χ
2
SN due
to the supernovae data happens at α = 0. The CMB data show only a modest
increase by one for α = 1/3 and α = 2/3. So one concludes that although the
total χ2BAO+SN+CMB value is minimal for α = 0, the tension between the BAO
and CMB data sets is reduced for α around 1/3.
In order to visualise these dependencies, the figure 3 shows the 1σ confidence
domains generated by the various MCMC sequences for the four fixed values
α = 0, 1/3, 2/3, and 1. Here and in the following, the BAO data are used
including the z ≃ 2.34 data. The 1σ confidence domains are chosen instead of,
e. g. 2σ confidence domains, because of their reduced volume and, thus, they
show more clearly the shifting in the parameter space. The domains belonging to
the CMB chains (shown in green) extend to large values of the Hubble constant
h and, for clarity, are truncated at h = 0.85 in figure 3. The domains belonging
to the supernovae chains are shown in magenta and those of the BAO chains in
yellow, while the confidence domains of the total MCMC chains are plotted in
red.
For α = 0 the red confidence domain of the total χ2BAO+SN+CMB MCMC
sequences is within that of the supernovae close to the common intersection
point of the three 1σ confidence domains each belonging to a single data set.
This concordance between the data sets is removed with increasing α. For
α = 1/3 there is no common overlap between the three individual 1σ confidence
domains, although each pair of them possesses one. This gets worse for α = 2/3
as seen in figure 3(c), where the CMB and the supernovae domains do not
15
0.4
0.6
0.8
1.0
1.2
1.4
Ch
ap
0.55 0.6 0.65 0.7 0.75 0.8 0.85
0.4
0.6
0.8
1.0
1.2
1.4
Ch
ap
0.55 0.6 0.65 0.7 0.75 0.8 0.85
(a) α = 0 (b) α = 1/3
0.4
0.6
0.8
1.0
1.2
1.4
Ch
ap
0.55 0.6 0.65 0.7 0.75 0.8 0.85
0.4
0.6
0.8
1.0
1.2
1.4
Ch
ap
0.55 0.6 0.65 0.7 0.75 0.8 0.85
(c) α = 2/3 (d) α = 1
Figure 4: The 1σ and 2σ confidence contours are shown for the four Chaplygin gas models
with fixed parameter α = 0, 1/3, 2/3, and 1. The confidence domains are projected onto the
h− ΩChap plane. To emphasise the shift of the confidence domains depending on α, all four
panels use the same scaling at the axes.
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Figure 5: The 1σ and 2σ confidence contours are shown for the four Chaplygin gas models
with fixed parameter α = 0, 1/3, 2/3, and 1. The confidence domains are projected onto the
ΩChap − B plane. As in figure 4, all four panels use the same scaling at the axes.
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DTTl
l
Figure 6: Two angular power spectra DTT
l
are shown for α = 0, which possess different values
of χ2CMB. The full curve belongs to the model with the lowest value of χ
2
CMB for the case
α = 0 (h = 0.8859, Ωbar = 0.0284, ΩChap = 0.9476, B = 0.8471) while the dashed curve
belongs to a model with a χ2CMB value which is higher by 121 (h = 0.8570, Ωbar = 0.0304,
ΩChap = 0.9488, B = 0.8309). The binned data of the Planck 2015 data release [42] are
plotted for l > 30 with the corresponding error bars, while up to l = 29 all data points are
shown.
overlap at all and those of the supernovae and BAO are separated by a tiny gap.
For α = 1 the separation between the confidence domains increases further. It
is worthwhile to note that the red confidence domain tends to be close to that
of the CMB domain, which is a consequence of the constraining power of the
Planck Likelihood Code. The inspection of the DTTl spectra for the Chaplygin
gas cosmology reveals that a very steep increase of the χ2CMB values occurs due
to a slight mismatch of the second and third acoustic peak compared to those
measured by Planck. In order to illustrate this sensitivity, figure 6 displays the
angular power spectra DTTl of two models whose χ
2
CMB values differ by 121. A
difference in DTTl is only appreciable at the third acoustic peak.
In figures 4 and 5, the projections of the 1σ confidence domains of the
three-dimensional plots of figure 3 are shown on a two parameter plane and, in
addition, the 2σ confidence domains are also plotted. This perspective allows
a more quantitative comparison of the confidence domains, especially how far
they overlap. The figure 4 displays these domains in the h − ΩChap plane. As
already noted in connection with figure 3, the confidence domains of the CMB
data are very thin bands which are projected onto the horizontal bands in figure
4. Comparing the 1σ confidence domains belonging to the joint analysis of the
four panels in figure 4, one observes that the Hubble constant h increases with
α. This is a consequence of the BAO data as a comparison of the four panels
in figure 4 reveals. The confidence domains belonging to the BAO data move
to lower values of ΩChap with increasing α and due to their inclination within
the h − ΩChap plane, the intersection with the CMB contours occurs at higher
values of h. Figure 5, where the ΩChap − B plane is plotted, shows that B
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Figure 7: The 1σ and 2σ confidence contours computed from the CMB data are shown
projected onto the h−Ωtot plane. The confidence contours belong to the four Chaplygin gas
models with a fixed parameter α = 0, 1/3, 2/3, and 1. The horizontal line indicates spatially
flat models with Ωtot = 1.
also increases with α. This behaviour stems again from the BAO data, since
the CMB data lead to the vertical bands in figure 5 allowing a wide range of
values of B. Because of wChap(z = 0) = −B, the current equation of state
(3) tends towards more negative values. If the values of wChap(z = 0) are
to be compared with the ΛCDM model, one has to combine the equation of
state of the CDM component with that of the cosmological constant leading to
wΛCDM(z = 0) = −1/(1 + ΩCDM/ΩΛ).
The CMB data point to more or less spatially flat models since Ωtot, equation
(8), turns out to be of order one. Figure 7 shows that the confidence domains
projected onto the h− Ωtot plane shift to larger values of Ωtot with increasing
α, which is the reverse behaviour as it is observed in the case of the BAO
data. But the shift caused by the CMB data is so small that the confidence
domains overlap for neighbouring values of α. Note also, that only the small
interval [0.98, 1.05] for Ωtot is displayed. Furthermore, the figure demonstrates
that a possible restriction to spatially flat models in the MCMC sequences leads
to larger values of the Hubble constant h with increasing α. Without such
a restriction, the confidence domains for α = 0 point to a slightly negative
curvature, while for α = 2/3 and α = 1 a positive curvature is preferred, unless
unrealistically large values of h are accepted.
4.2. MCMC analysis with varying values of α
In the previous subsection 4.1, the results are presented for MCMC sequences
in which the equation of state parameter α is held fixed. This choice is motivated
by the fact that α = 1 corresponds to the originally proposed Chaplygin gas
cosmology, while α = 0 leads to the background cosmology of the ΛCDM model.
So these two α values and two intermediate values are chosen for the analysis
which shows that α = 0 is superior compared to the other three values of α if
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Figure 8: The distribution of the parameters derived from the MCMC sequence with varying
values of α. In panel (c) the distribution of the α parameter is compared to a normal distribu-
tion with mean α¯ = 0.038 and width 0.055. The value α = 0 is thus within the 1σ confidence
interval, but the best-fit models are close to α = 0.04.
all three data sets are simultaneously taken into account. Since the differences
in these α values are relatively large, a further MCMC sequence is generated
with 150 000 iterations, which varies also the parameter α in addition to the
previously varied parameters h, ΩChap, and B. The parameter α is restricted
to α > −1 in the MCMC sequence. In that way, the distribution of the α
values can be inferred. In this section, the analysis takes all BAO data given in
table 1 as well as the above supernovae and CMB data into account. The best-
fit Chaplygin model obtained in this MCMC sequence has χ2BAO+SN+CMB =
1977.53, which is only marginally smaller than the value in table 2 for α = 0.
The obtained distributions for the four parameters are shown in figure 8.
The mean values and their 1σ deviations are h = 0.6816 ± 0.0079, ΩChap =
0.9547± 0.0024, α = 0.038± 0.055, and B = 0.755± 0.021. The obtained value
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Figure 9: The variation of the Hubble parameter H(z) is shown as a grey band for those
Chaplygin gas cosmologies which are within the 1σ confidence domain with respect to
χ2BAO+SN+CMB. The observational Hubble data are taken from the compilation [52]. The
Lyman α forest derived Hubble parameter at z = 2.34 is also plotted.
of the Hubble constant h is in agreement with the low value found by Planck
[42]. It is worthwhile to note that this does not arise from the supernovae data
since the last term in (11) is omitted in this joint analysis, and thus, there is
no prior in h. As stated below (11) this term is only taken into account when
the supernovae data are used alone. The ΛCDM model, which corresponds to
α = 0, is within the 1σ confidence interval although the peak of the distribution
is shifted to larger values of α. The value of ΩChap is also in the range expected
from the ΛCDM model. Assuming ΩCDM ≃ 0.25 and ΩΛ ≃ 0.7, the dark
component contribution of the ΛCDM model is of the order 0.95 which agrees
with ΩChap. The dark components of the ΛCDM model lead to the effective
equation of state wΛCDM(z = 0) = −1/(1 + ΩCDM/ΩΛ) which is thus of the
order wΛCDM(z = 0) ≃ −0.74 which in turn lies within the corresponding 1σ
confidence interval for wChap(z = 0) = −B. The total density is obtained as
Ωtot = 1.0028±0.0026 which thus shows a tendency towards positive curvature.
Figure 9 shows the variation of the Hubble parameter H(z) for redshifts
below z = 2.5. The distribution shown as a grey band is computed from all
Chaplygin gas cosmologies which are within the 1σ confidence domain according
to the joint analysis. Again, the MCMC models of the sequence with a varying
parameter α are used. The figure also shows the observational Hubble data,
which are taken from the compilation of [52]. In addition, the Hubble parameter
at z = 2.34 derived from the Lyman α data is plotted [49]. The Chaplygin gas
values match very well to the observations and their variation is much smaller
than the 1σ errors of the data.
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5. Summary
This paper discusses whether a better description of recent cosmological
observations can be achieved, when the dark sector of the ΛCDM concordance
model is replaced by the generalised Chaplygin gas. This prototypical model
for a unified dark matter model with the equation of state p = −A/εα has the
advantage that the ΛCDM model is recovered for α = 0 at the background level.
It turns out that the CMB statistics is the same for the generalised Chaplygin
gas with α = 0 and the ΛCDM cosmology in linear perturbation theory. This
allows to test whether there are models in the neighbourhood of the concordance
model that provide a better match to the data.
In this paper, the Planck 2015 cosmic microwave data, the SN Ia Union
2.1 compilation of the Supernova Cosmology Project, and the BAO data of the
Data Release 12 of the SDSS-III/BOSS spectroscopic galaxy survey are used for
a joint analysis with respect to the Chaplygin gas cosmology. Special emphasis
is put on the four models with α = 0, 1/3, 2/3, and 1. As visualised in figure
3, a concordance between the three sets of cosmological data is only obtained
for values of α close to zero, where all three 1σ confidence domains overlap.
Already for α = 1/3 this concordance is lost and, at least at the 1σ level, there
is no common overlap between the three confidence domains. The contribution
of the BAO data to this behaviour depends on the inclusion of the Lyman α
forest derived BAO data, as the comparison of table 2 with table 3 reveals. The
strong increase of the χ2 values of the BAO data is observed only by taking
the Lyman α data into account. However, a more modest increase of χ2 with
increasing values of α is also observed for the CMB data, while the supernovae
data show no dependence on α.
So the final conclusion is that the recent cosmological data favour values
of α very close to zero. A joint analysis with varying values of α leads to
α = 0.038± 0.055, which includes the ΛCDM model within the 1σ interval.
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